Abstract. We develop the theory of locally small spaces in a new simple language and apply this simplification to re-build the theory of locally definable spaces over structures with topologies.
(X, L X ), where X is any set and L X is a subfamily of the powerset P(X) closed under finite unions and finite intersections, containing the empty set ∅ and covering X.
In Section 2, we develop the theory of locally small spaces in this simplified language. The main results are Theorems 2.45, 2.50, 2.66, 2.70 and 2.71. We also give two generalizations of facts known from [6] in Theorems 2.57 and 2.60. As an application, in Section 3, the categories of locally definable spaces over structures with topologies are re-built using the new language of locally small spaces. This means that all results of the monograph [6] and of the paper [7] about locally definable spaces stay valid when our approach replaces the approach of H. Delfs and M. Knebusch with a longish and complicated definition of a generalized topological space.
Notation. For a set X, its powerset is denoted by P(X).
We shall use a special notation for operations on families of sets, for example for family intersection U ∩ 1 V = {U ∩ V : U ∈ U, V ∈ V}, and sometimes for families of families, namely Φ ∩ 2 Ψ = {U ∩ 1 V : U ∈ Φ, V ∈ Ψ}.
Locally small spaces

Basic definitions and examples.
Definition 2.1. A locally small space X is a pair (X, L X ), where X is any set and L X ⊆ P(X) satisfies the following conditions:
Elements of L X are called small open subsets of X, smops for short. (Locally small spaces will sometimes be shortly called spaces.) Proof. The first part in obvious. Assume W ∈ A oo . Take A ∈ A. Then W ∩ A ∈ A o . But W ∩ A = (W ∩ A) ∩ A ∈ A. This means W ∈ A o . Now assume W ∈ A o . Take any B ∈ A o . Then W ∩ B ∈ A o . This means W ∈ A oo .
From now on, we assume that a locally small space (X, L X ) is given.
Definition 2.4. The family L o
X of all open subsets of X is the family of all subsets of X compatible with smops:
Remark 2.5. By (LS2), we always have L X ⊆ L o X . Definition 2.6 (cf. [3] , Ex. 22.2(2) and [9] , Def. 2.2.29). A bornology on a set X is a family B ⊆ P(X) such that:
(1) if A, B ∈ B, then A ∪ B ∈ B, (2) if B ∈ B and A ⊆ B, then A ∈ B.
Definition 2.7. The family L s X of all small subsets of X is the smallest bornology on X containing L X :
Definition 2.9. The family L wo X of all weakly open subsets of X is the smallest topology on X containing L X , so is given by the formula
The weak closure wcl(Y ) of a set Y ⊆ X is the closure of Y in the topological space (X, L wo X ). Many of generalized topological spaces in the sense of Delfs and Knebusch on the real line mentioned in Definition 1.2 of [10] are locally small. We can restate their definitions to get locally small spaces in the sense of Definition 2.1 above.
Example 2.14. For X = R, we can take as the family of smops any of the following families (where the words "locally" and "bounded" are understood traditionally): (1) L om = the finite unions of open intervals (we get R om ), (2) L rom = the finite unions of open intervals with rational endpoints (we get R rom ), (3) L lom = the finite unions of bounded open intervals (we get R lom ), (4) L l + om = the finite unions of bounded from above open intervals (we get R l + om ), (5) L slom = the locally finite unions of bounded open intervals (we get R slom ), (6) L sl + om = the locally finite unions of bounded open intervals that are finite unions on the negative halfline (we get R sl + om ), (7) L st = the natural topology (we get R st ) , (8) L lst = the bounded sets from the natural topology (we get R lst ), (9) L l + st = the bounded from above sets from the natural topology (we get R l + st ).
On the other hand, the space R ut from Definition 1.2 of [10] is not locally small.
We shall give a definition of a locally small (Delfs-Knebusch) generalized topological space in Subsection 2.5. (a) essentially finite if some finite subfamily U f ⊆ U covers the union of U (i. e. U = U f ), (b) locally finite if each member of L X has a non-empty intersection with only finitely many members of U,
Remark 2.16. Notice that the word "locally" has a special meaning in the theory of locally small spaces. Theorem 2.20. For a locally small space (X, L X ), the following conditions are equivalent:
4) each admissible family is essentially finite, (5) each admissible covering of X is essentially finite. 
the admissible union of this family is the pair (X, L X ), where X = i∈I X i and L X ⊆ P(X) is the smallest ring of sets containing i∈I L i . We shall then write
Proposition 2.26. For an admissible union as above:
This proves that {X i } i∈I is admissible. 
GTS and identification.
Definition 2.29 (cf. [6] , Def.1 in I.1 and [8] , Def. 2.2.2). A (Delfs-Knebusch) generalized topological space (shortly: gts) is a system of the form (X, Op X , Cov X ), where X is any set, Op X ⊆ P(X), and Cov X ⊆ P(Op X ), such that the following axioms are satisfied: (finiteness) if U ⊆ Op X is finite, then U ∈ Cov X and U, U ∈ Op X (where
Since Op X = Cov X , a generalized topological space is often denoted (X, Cov X ), and Cov X is called a generalized topology. Members of Cov X are called admissible families and members of Op X are called open sets.
A mapping between generalized topological spaces is strictly continuous if the preimage of an admissible family is an admissible family. The category of generalized topological spaces and strictly continuous mappings is denoted by GTS. Definition 2.30 (cf. [8] , Def. 2.2.25). A set S ⊆ X is small if each admissible family U is essentially finite on S (i. e. U ∩ 1 S is essentially finite). The family of all small open subsets of X is denoted by Smop X . EF (U, V) = the family of subfamilies of U essentially finite on members of V,
The next lemma says that the locally small spaces in the sense of Definition 2.1 may be understood as a special kind of Delfs-Knebusch generalized topological spaces. 
In particular, the regularity axiom holds:
The rest of the axioms are easy to check. Lemma 2.36. For a locally small gts (X, Op X , Cov X ): (a) the pair (X, Smop X ) is a locally small space (in the sense of Definition 2.1),
The family Smop X contains the empty set, is closed under finite unions and intersections and covers X by the definition of a locally small gts.
(b): We first prove 
, then, for each V ∈ Smop X , the family U∩ 1 V is essentially finite, so admissible. Hence ( U) ∩ V ∈ Smop X and U ∈ Op X by the regularity axiom. Since Smop X is admissible, also ( U) ∩ 1 Smop X is admissible by the stability axiom, U ∩ 1 Smop X is admissible by the transitivity axiom, and U is admissible by the saturation axiom. We have proved that
Mappings between spaces.
Definition 2.40. Assume (X, L X ) and (Y, L Y ) are locally small spaces. A mapping f : X → Y will be called:
Y and W ∈ L X . We need to prove
Example 2.43. Without the boundedness assumption, the equivalence above does not hold. Consider the mapping f = id R :
and a mapping f : X → Y , the following conditions are equivalent:
(1) f is bounded continuous,
The strict continuity of f is proved. (2) ⇒ (1) Each strictly continuous mapping is continuous. By Proposition 2.1.22 of [9] , Proposition 2.2.26 of [8] it is also bounded.
We give a strong restatement of Theorem 2.1.33 of [9] now. Theorem 2.45. The category of locally small gtses with strictly continuous mappings is concretely isomorphic to the category of locally small spaces and continuous bounded mappings.
Proof. Follows from Lemmas 2.34, 2.36, 2.37 and 2.44.
Remark 2.46. The category of locally small spaces and their bounded continuous mappings will be denoted by LSS. This category was denoted by Sublat in [9] . Since Sublat and LSS are concretely isomorphic constructs (compare [3] , Remark 5.12), we identify them. (a) f is bounded continuous,
Remark 2.48. The category of small spaces and their continuous mappings, concretely isomorphic to the category of small gtses and their (strictly) continuous mappings, will be denoted by SS, in accordance with [8, 10] .
2.7. Arbitrary subspaces.
Theorem 2.50. The subspace induced by Y ⊆ X in the sense of the above definition is, after identification, the same subspace that is induced by Y in
By the regularity axiom applied to V and L X , we have V ∈ {L X } X . By the stability axiom, we have
we get L X ∩ 1 U ∈ {L X } X by the transitivity axiom, and U ∈ {L X } X by the saturation axiom.
Proof of the Theorem 2.50. By Definition 2.2.41 of [8] , we are to check that
2.8. Paracompact, Lindelöf and regular spaces. Proposition 2.52 (cf. [6] , Prop. I.4.5). For a locally small space (X, L X ), the following conditions are equivalent:
(a) any admissible covering of X by smops admits a refinement that is a locally finite covering of X by smops, (b) there exists a locally finite subfamily of L X covering X.
Proof. (a) ⇒ (b):
The family L X is an admissible covering of X by smops, so it admits a locally finite refinement by smops, which is a subcovering of L X .
(b) ⇒ (a): Let K ⊆ L X be a locally finite subcovering of X and let L be an admissible covering of X by smops. The family L is essentially finite on elements of K, so for each K ∈ K there exists a finite subfamily
This family of smops is a locally finite refinement of L and covers X. (a) each admissible covering of X by smops admits a countable admissible subcovering, (b) there exists a countable admissible subfamily of L X covering X.
The admissible covering L X admits a countable admissible subcovering.
(b) ⇒ (a): Let C ⊆ L X be an admissible countable subcovering of X and let L be an admissible covering of X by smops. The family L is essentially finite on elements of C, so for each C ∈ C there exists a finite subfamily
subcovering of L and is admissible, since it is essentially finite on elements of C and C is essentially finite on elements of L X . Proof. Let K be a locally finite subfamily of L X covering X. Choose M ∈ K \ {∅} and define
Since the space is connected, M ∞ = X. Since M ∞ is a countable union of members of K, the space is Lindelöf. Definition 2.58. The family of closed sets in a locally small space is the family Proof. Take an admissible countable family {L n } n∈N ⊆ L X covering X. We may assume that this family is increasing. By tautness, for each n ∈ N there exists m ∈ N such that wcl(L n ) ⊆ L m . By choosing a suitable subfamily, we get an admissible countable increasing covering {M n } n∈N of X with property
Finally, we define a locally finite covering 
62. For a locally small space (X, L X ), the following are equivalent:
( 
Remark 2.65. The category of bornological universes having open bases of the bornology (shortly: open bornological universes) and their bounded continuous mappings will be denoted by OpenBorUniv, in accordance with [11] . This category was denoted UBorOB in [9] .
We give a strong restatement of Proposition 2.1.31 in [9] . Theorem 2.66. The constructs LSS pt and OpenBorUniv are concretely isomorphic.
Proof. We have a concrete functor ubor(X, L X ) = (X, L wo X , L s X ) from LSS pt to OpenBorUniv and a concrete functor lss(X, τ, B) = (X, τ ∩ B) from OpenBorUniv to LSS pt .
1. In both categories the morphisms are the bounded continuous mappings (with the same meaning of "bounded continuous").
2. The functor lss • ubor is the identity on
3. The functor ubor • lss is the identity on OpenBorUniv. Indeed, since τ ∩ B is an open basis of the bornology B, we get bor(τ ∩ B) = B. Obviously top(τ ∩ B) ⊆ τ . If U ∈ τ , then for each u ∈ U there exists some
. That is why τ ⊆ top(τ ∩ B) . Hence ubor • lss(X, τ, B) = (X, τ, B) .
2.10. Topological-like spaces. Definition 2.67. A locally small space (X, L X ) will be called small partially topological (or topological-like) if L X is a topology (equivalently: L X = L wo X ). The full subcategory in LSS of small partially topological spaces will be denoted by SS pt (it is concretely isomorphic to the category of small partially topological gtses and their continuous mappings).
Proposition 2.68 (cf. [9] , Prop. 2.3.18). The traditional category Top of topological spaces and their continuous mappings is concretely isomorphic to the category SS pt of partially topological small spaces and their (strictly) continuous mappings.
Proof. The correspondence
gives a concrete isomorphism of constructs. 
Most often the gts (X, τ, P(τ )) is not locally small.
2.11.
A concrete reflector and a concrete coreflector. 
is a concrete reflector. (2) After identification, it is the restriction of the functor of smallification sm : GTS → SS considered in Proposition 2.3.16 of [8] .
such that f =f • r X , wheref = f as functions. By Proposition 4.22 of [3] , all the (identity-carried) reflections form a functor that is a concrete reflector.
(2) The functor sm : GTS → SS is defined by sm(X, Op X , Cov X ) = (X, Op X , EssF in(Op X )).
In our situation, the object (X, L o X ) is identified with the gts Proof. (1) The coreflection for (X, L X ) is the mapping
Thatf is a morphism follows from the equality L s X = (L swo X ) s and Lemma 2.61. By Proposition 4.27 of [3] , all the (identity-carried) coreflections form a functor that is a concrete coreflector.
(2) The functor pt : GTS → GTS pt is defined by
X , the latter family of families will be denoted by Ψ. Clearly,
is weakly open and essentially finite, so U ∈ EssF in(L wo X ). Now ( U) ∩ 1 L X belongs to Ψ by the stability axiom, U ∩ 1 L X ∈ Ψ by the transitivity axiom and U ∈ Ψ by the saturation axiom.
Remark 2.72. There exist many important functors in mathematics that are reflectors, but not concrete reflectors (see [3] , Examples 4.17 (3) - (12)). Similarly, there exist many coreflectors that are not concrete coreflectors (see [3] , Examples 4.26 (3) and (4)). This emphasizes the importance of functors sm and pt above. Notice that the compositions sm • pt and pt • sm are equal on GTS.
Building locally definable spaces
Spaces over sets.
We re-establish the theory of locally definable spaces from [9] , Section 3. Assume M is any non-empty set. Denote by F Sh(X, M ) the family of all function sheaves on a space X over a set M . 
Definition 3.3. A locally small space over M is a pair (X, O X ), where X is a locally small space and O X is a function sheaf over M on X.
We get the category LSS(M ) of locally small spaces over M and their morphisms.
and O X is the smallest function sheaf containing i∈I O i . We write then
If I is finite, such an admissible union will be called a finite open union of objects of LSS(M ). Definition 3.6. An object of LSS(M ) is small, connected, regular, paracompact or Lindelöf if its underlying locally small space is such.
Structures with topologies.
Definition 3.7 (cf. [9] , Def. 3.2.1 and Rem. 3.2.2). A structure with a topology (or a weakly topological structure) is a pair (M, σ) composed of a (first order, one-sorted) structure M = (M, ...) in the sense of model theory and a topology σ on the underlying set M of M. This gives the product topologies σ n on Cartesian powers M n and the induced topologies σ D on definable (with parameters) sets D ⊆ M n . For a topological structure one assumes that some basis of σ is an M-definable family of subsets of M .
Example 3.8. O-minimal structures (studied in [12] ) are examples of topological structures. If M = (M, <, ...) is an o-minimal structure with < a binary relation (interdefinable with) a linear order, then the formula a < x < b gives a definable family of open intervals, which is a basis of the order topology on M .
From now on, fix a structure with a topology (M, σ), no connection between σ and primitive relations and functions of M is assumed. Remark 3.14. Definable spaces over o-minimal structures were extensively studied by L. van den Dries ( [12] ), locally semialgebraic spaces by H. Delfs and M. Knebusch ( [6] ), and locally definable spaces over o-minimal expansions of fields by A. Piękosz ([7] ). Especially regular paracompact locally definable spaces are interesting, because the o-minimal homotopy theory is available for them. (1) L X is the family of all definable σ X -open subsets of X, (2) L o X is the family of all locally definable σ X -open subsets of X, (3) L s X = bor({X i } i∈I ), (4) L wo X ⊆ σ X . As in Proposition 3.11, we can characterize the morphisms between definable spaces. From Corollary 3.12, we get 2) Often also concrete finite coproducts exist in ADS(M, σ), but not always (as in the case of M a singleton).
3) Even finite products in LSS(M ) of affine definable spaces may not be affine definable spaces. 4) A coequalizer even in ADS(M, σ) may not be concrete.
Remark 3.23. All of the results from the monograph [6] about locally semialgebraic spaces and from the paper [7] about locally definable spaces over o-minimal expansions of fields hold true when the definition of a generalized topological space by H. Delfs and M. Knebusch (with axioms i) -viii)) is replaced with Definition 2.1 of a locally small space.
